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A technique, based on a Fourier expansion, for inverting the pressure dependence of the
de Haas—van Alphen areas into corresponding change in the Fermi radii is presented. The
technique is applied to construct the pressure dependence of the Fermi surface in the noble

metals.

I. INTRODUCTION

Pressure studies of the Fermi surface are of in-
creasing interest in the study of metals, since they
provide a valuable check on the reliability of band-
structure calculations; in fact, a band scheme which
gives a good fit to the Fermi surface can fail in ac-
counting for its pressure variation. ! Therefore, it
turns out to be useful to develop a scheme which al-
lows one to describe analytically the effects of
pressure on the Fermi surface and in Secs. II and
101 of this paper we show that this can be achieved,
in the case of cubic crystals, by a simple general-
ization of the Fourier series representation.? In
Sec. IV the scheme is applied to the case of the
noble metals, where the Fermi surface is well
known and relatively simple, 3~!° and where the
datal?’!2 on the pressure dependence of the principal
de Haas-van Alphen (dHvA) orbits may be used to
provide a rather complete description of the pres-
sure dependence of the Fermi surface.

II. GENERALIZATION OF THE FOURIER SERIES
TECHNIQUE

We now generalize the Fourier series represen-
tation to include the effect of hydrostatic pressure,
or equivalently, the effect of a change in the lattice
constant a on the Fermi surface of a cubic crystal.
The techniques to be discussed are easily generaliz-
able to crystals of lower symmetry or to the effect
of a more general distortion. In the cubic case the
dimensions of the Brillouin zone scale inversely
with the lattice constant; for free electrons, the
radius of the Fermi sphere would also scale inverse-
ly with the lattice constant a. However, for the
Fermi surface associated with real energy bands,
we expect changes in shape which cannot be ac-
counted for in terms of a simple scaling and it is
these changes which represent useful band-structure
information.

Roaf® and Halse® have shown that an accurate
Fourier series representation of the Fermi surface
in noble metals requires only a small number of ex-
pansion coefficients. It has also been shown that a

2

Fourier series expansion is useful for more dis-
torted surfaces such as one encounters in the near
noble metals.? We will use the following Fourier
series to describe a given sheet of the Fermi
surface®:

F(k, a)=2 5 Czla)e'**@ =0, (1)
where the R are position vectors of the atoms of the
real space lattice which are in turn directly pro-
portional to the lattice constant a. The changes in
the Fermi surface arising from this dependence of
R on a will be referred to as scaling effects. The
(real) expansion coefficients Cg will in general de-
pend on a. The solution of the implicit Eq. (1) for
a given value of a yields the Fermi surface for that
particular lattice constant. The vectors R of the
real space lattice may be factored into sets or
“stars” where the members of a given star trans-
form into one another under the operations of the
point group. The coefficients Cgz for a given star
will all be identical and it is natural to rewrite Eq.
(1) in the form?

.2 - @)
F(k,a)=2 C;@)S;(k, a),
i=1
where
Sj(k, a)=_. Z‘/ eik-R(a) , (3)
R in jth star
TABLE I. Values of the lattice constants, compres-

sibilities, and coefficients C;(j=1,...,6) in the expansion
(2) for copper, silver, and gold. -

Cu Ag Au
a (R) 3.6030 4,0692 4.0652
X (10~ kbar™?1) 7.042 9.200 5.545
(o} 1.000 00 1.000 00 1.000 00
c, 1.12309 1.560 74 4.028 36
C, 0.015 57 —0.37551 —1.340 24
c, —-0.23866 —0.70379 —2,52812
Cs ~0.01886 —0.21985 —0.39937
Ce —0.04236 —~0.14801 —0.51176
3025
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TABLE II. Values of the coefficients 84;/0C; and 8V/8C; (i=1, ..., 5; j=1, ..., 6) for copper.

B(100) B(111) N(111) R(100) D(110)

9A,/9C 8A,/8C 8A,/8C 94,/8C 9A,/3C av/aC
BA/Bcl 0.209 24 0.19782 0.10583 -0.21921 —0.22749 0.348 21
8A/8C2 —-0.36965 —-0.12740 —-0.04376 0.110 25 0.243 53 —-0.34458
8A/8C3 0.37113 —0.49144 —0.54745 0.81995 0.364 85 —-0.53705
5)A/8C,1 -0.96607 0.12208 0.087 45 -0.220 50 0.39916 —-0.44215
8A/805 0.20951 —-0.06051 0.93806 -0.705 95 -0.92781 0.71806
8A/806 0.62503 0.450 61 0.226 46 -0.39379 —0.61540 1.05851

where j indexes stars associated with lattice vectors

of increasing length, and » is the total number of
stars used in the Fermi-surface representation.
Alternative to Eq. (1), which is of the form
F=F(k, a), there exists a function a=a (K, F),
where the a dependence is explicit. For what fol-
lows, it will be useful to have an expression for
Va. This is easily accomplished using the chain

rule for the differentiation of implicit functions, i.e.

(™ 38 oy 56)
ok Fky,k, Ok Ja kg, / \ 90 fg kg iy

and similarly for the derivatives with respect to &,
and k,. Thus we have

Vaz—(%[’),,/(%%)E , (4)

where

) -~ B3R
(LB

Since R is dlrectly proportlonal to a, we have im-
mediately 9R/8a =R /a. Noting that i 55 RCge't'®
= VF, we obtain

CRe‘i'ﬁ> . (5)

-

Va=-VF/(Y c;.sj(ﬁ)%ﬁ-vp), ©)
i

where we have defined C j=9C; /3a.

A technique for determining the C; from a selected

set of dHVA areas A; (determined at the equilibrium
lattice constant) has been given previously. 2 we
will now generalize this technique to allow the de-

termination of 8Cg /8a from a knowledge of 84, /9a,
where the latter are quantities determined by study-
ing the pressure dependence of the dHVA areas.

We need to derive an expression for this area de-
rivative as a function of 2,, where k, measures the
displacement of an orbit along the magnetic field.
Let.us split the k vector associated with a given
point on this orbit into its components parallel and

- normal to the direction of the magnetic field, i.e.,

k=K, +k, . 7
The area of the ith orbit is given by

Ak)=3 [ k2 (0 0) a0, ®)

where 6 is an angle in the plane of the orbit mea-
sured from some convenient reference point. Dif-
ferentiating with respect to a, we have

ar
9 B

where 9%k, /9a may be easily evaluated using Eq. (6):

ok, k
—L) =
<3a )F P va (10)

Substituting Eq. (10) into Eq. (9) we have

_—ZC f_’?_i.l(_k_lg

k. VF A
—lfkfde—lfkf,‘—_.de. (11)
a a k,* VF

1

TABLE III. Values of the coefficients 84;/8C; and 8V/8C; (i=1,..., 5; j=1,...,6) for silver.

B(100) B(111) N(111) R(100) D(110)

9A,/0C 84,/8C 8A4,/0C 04,/8C 8A,/8C
8A/8C1 0.10256 0.098 53 0.058 67 —-0.13072 -0.12856 0.17833
2A/dC, -0.18179 —-0.06983 -0.01274 0.057 63 0.11585 -0.17322
8A/803 0.168 98 —-0.24285 -0.326 57 0.563211 0.288 92 —-0.298 50
3A/804 -0.43810 0.07673 0.02547 -0.11527 0.184 36 -0.20610
8A/8C5 0.07132 - 0.03547 0.604 95 -0.59055 —-0.63831 0.40542
8A/8CG 0.324 54 0.233 31 0.070 91 -0.20011 -0.30850 0.513 38
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TABLE IV. Values of the coefficients 84;/8C; and 8V/8C; (i =1, ., 5;j=1, . . ., 6) for gold.

B(100) B(111) N(111) R(100) D(110)

84,/8C 84,/8C 8A4,/8C 8A,/8C 9A,/8C av/aC
8A/8C, 0.03962 0.030 60 0.01521 -0.03456 —0.03900 0.057 67
8A/8C, —0.08484 —-0.017 33 —0.00566 0.014 97 0.050 37 —-0.06345
8A/8C, 0.09435 —-0.075 98 —0.07991 0.13076 0.04018 —0.06916
8A/dC, —-0.19470 0.01344 0.011 32 -0.02994 0.086 22 —0.093 54
8A/8C; 0.10109 -0.01103 0.13928 —0.11489 —0.18352 0.139 04
8A/8C, 0.048 22 0.064 63 0.02977 —0.05459 —0.06763 0.147 91
The second term of this equation is clearly twice 2% S oV 3V 6
the area divided by the lattice constant. It is easy %a 5 Ci8c, “a - (16)

to show that the integral in the first ter'm of Eq.
(11) may be rewritten as -8 4,/8 C,,% while the last

term may be written as —(k,/a) 9A/8k,. With these
substitutions Eq. (11) becomes
m Z C' aA;(kn) 24 (k) +lﬂ 8Af(ku)
da aC; a a 0k,
(12)

Some comments on Eq. (12) are in order: (a) For
the extremal orbits measured in a dHvA experiment
9A ;(k,)/9%, =0 and thus the last term vanishes; (b)
the quantities 84 ; /8C, for extremal orbits may be
obtained during the inversion of the zero-pressure
dHVA data.? The quantities 84;/8a may be related
to 84, /8P (the experimentally measured quantities)
through the compressibility x with the relation

84, _ 38 ¥4,

9a = ay 9P’ (13)
where
19V
X==¥ 3P - 14

Integrating (12) with respect to k, one has

W s, 2V 2V L[, 04
da _§ Jacj_a a/k"Bk dk, . (15)

Integration by parts of the last term shows that it
is equal to - V/a and, therefore,

TABLE V. Experimental and calculated values for 4; and (1/4;) (04;/0P) (i=1,

On the other hand, the scaling law, which in view

of the distortion does not hold for the variation of

the radii and the areas, must be valid for the vari-

ation of the volume (in the case where the Fermi

surface consists of a single carrier), since it re-

flects the invariance of the number of carriers;thus
ov. 3V

A (a7

A comparison of (16) and (17) gives

Z C i ac} =V, (18)
which is a relation that the coefficients C j must
satisfy.

11I. DETERMINATION OF THE C; COEFFICIENTS

We now discuss the numerical fitting technique
used to obtain the C ] coefficients from measured
dHvA areas together with their pressure deriva-
tives. We rewrite Eq. (12) for extremal orbits:

9
A‘ Z C,aA ~ 241 (extremal orbits only).

C;
(19)
Let us define
9,
R W (20)

., 5) for copper, silver, and gold.

Cu Ag Au
10A 1~ -1 124 .-t -4

A@.u.) Aap[m kbar 1] AQ@.u.) 7 5p (107" kbar™ D) A@.u.) Asp 4 (107 kbar™)

Expt Calc Expt Cale Expt Calc Expt Calc Expt Calc Expt Cale

1 B(100) 1.603 1.602 4.6 (£0.2) 4.60 1.269 1.268 5.6(x0.2) 5.61 1.296 1.295 3.7(x0.3) 3.70
2 B(111) 1.554 1.552 4.25(x0.2) 4.27 1,231 1.232 5.1(x0.2) 5.34 1.202 1.201 2.8(x0.2) 2.90
3 N(111) 0.058 0.058 18.0 (+2.0) 18.97 0.024 0.023 50.0(+x10.0) 59.81 0.041 0.041 20.0(x1.0) 22.06
4 R(100) 0.658 0.657 4.3 (£0.3) 4.31 0.525 0.524 5.2(x0.3) 5.27 0.535 0.534 3.7(x0.3) 3.70
5 D(110) 0.672 0.669 4.0((x0.2) 4.01 0.539 0.537 4.4(x0.3) 4.40 0.518 0.515 2.7(+0.3) 2.75
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TARLE VI. Pressure dependence coefficients for
copper, silver, and gold.
Cu Ag Au
cy 0.0 0.0 0.0
Cy - 9,519 3.639 - 508.094
Cy 4,737 - 3.432 239.620
Ccy 6.425 -4.,021 391.001
(oF4 1.400 —1.644 67.730
C¢ 1.039 -1.083 77.670

(where N is the number of experimental data), and

QL) Zc'a—fh (21)

’8C,’ i=1,...

,N

the @ being the calculated quantities which cor-
respond to the experimental @;. The coefficients
C | may be determined, as long as n< N, by mini-
mizing the rms error

ACH=5 % ox @ -Q)) (22)

Minimizing Eq. (22) with respect to Cj, we obtain

the following set of equations:
aQ(C)

1
Z?Q_%(Q({C)‘Q{) BC' =0 °

(23)

Now 9Q{® /8C% =94, /8C;, and substituting this in
Eq. (23) and using Eq. (21) we have

1 984,04,

Qz aC; aC, (24)

Z”’A 22 %4 ¢1-0,

Qi acj i

|

If we put
1 8A
X;=20 — == (25)
i i Qi BC]
and
1 2A; 94,
= s i 2
R o 5 o

then Eq. (24) may be rewritten in the compact form

-X;+2; T;;C;=0. (27)
1

The vector and tensor coefficients X; and T;; may
be easily built and, by simply inverting the matrix
T;;, we obtain

/=2 (Dj-X;. (28)

The set ojf coefficients (28) must satisfy relation
(18), and this condition, once the 8V/8C, are
known,'® may be used as a test for the consistency
of the experimental results.

Alternatively, one can require that Eq. (18) be
satisfied a priori; this amounts to include it as a
further constraint in the minimization of (22), which
is performed through the equation

0a%(C)) . av
) 2.
aC ] 8C; 0, (29)

where ) is a Lagrangian multiplier. Equation (27)

now becomes

-X; ”‘a +Z T,,C}=0, (30)

(110)

(100) -

FIG. 1. Angular depen-
dence of|8a/9K |, —8a/0k,
|6V F/k*V F|, and a/k, for
the (100) and (110) planes
in copper. The lines ex-
tend somewhat farther in

the neck region than indi-
cated in the figure, as the
exact position of the zone
contact of the neck does

not fall on the grid used

to calculate these quantities.

|
[100] ]

(100}
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(N

(1o (100)

Ag

FIG. 2; Angular dependence
of 10a/8k |, —da/0k, 1aVF/kVFI,
and a/k, for the (100) and (110)
planes in silver. The lines ex-
tend somewhat farther in the neck
region than indicated in the figure,
as the exact position of the zone
contact of the neck does not fall
on the grid used to calculate these

quantities.
l 1 | |
[too] 0 [1ho] loq
from which Since we have C;=1 in Eq. (1) for any representation
oV (and therefore also for that of the deformed sur-
Ci=2(MHX; -2 ). (31) face), we shall perform the above inversion by
8C
i i keeping C =0 (the condition » < N then becomes n
Substituting Eq. (31) in Eq. (18), we get <SN+1).
1V. APPLICATION TO THE NOBLE METALS
=2 X ypix, /3 o L 2L (32)
~45 ac, )i X r it aC; oC, The scheme developed in Secs. II and III will now
be applied to the case of the noble metals. Here
and, finally, the situation appears to be particularly favorable
in view of the following circumstances:
vV 9V (a) The Fermi surfaces of these metals are well
- Sy, - —— — (7))
C; ?’ ()3 [X’ 9C; (,f\:,, aC, (T)zn X”‘/ known and Fourier series representations exist

which are very successful in reproducing the ex-

ay v : : 8~-10, . .
Y ()L )] 3 perimental cross sections® '%; the coefficients C;
m,n 8C,, 9C, (33) are therefore well known. For a given set of C;,

(110) (100) -

FIG. 3, Angular dependence
of 8a/9k|, —da/dk, |aVF/k VFI,
and a/k, for the (100) and (110)
planes in gold. The lines extend
somewhat farther in the neck
region than indicated in the figure,
as the exact position of the zone
contact of the neck does not fall
on the grid used to calculate
these quantities.

[100] ! [1o] [100]
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also 94,/9C; and 8V/9C; may be easily obtained.®

(b) The experimental situation is better than for
most other metals. The areas of the extremal cross
sections are known with high accuracy and repro-
ductibility®=" and data for their pressure dependence
along symmetry directions also exist. In particular,
those of Schirber and O’Sullivan, 2 in view of the
simplicity of the Fermi surface of the noble metals,
may be considered sufficiently complete to provide
a meaningful representation for the pressure effects
on the over-all surface.

The values of the various parameters which have
been used to find the set of coefficients (33) for Cu,
Ag, and Au are reported in Tables I-V. In Table
I, the values of the lattice constants are taken from
Halse®; those of the compressibility at 0 °K have
been obtained starting from the stiffness con-
stants'3~1%; the coefficients C; of Eq. (21) are the
equivalent of those reported by Halse for his
representation. °

Tables II-IV report the coefficients 84 ;/9C; and
8V /8C; for copper, silver, and gold, respectively.
These coefficients have been obtained by applying
our procedures!® to Eq. (2) with the C; of Table I.

The experimental data of Table V are taken from
Schirber and O’Sullivan’?; in this table are also
shown the corresponding values for both A;, calcu-
lated with Eq. (8), and (1/4,;) (84, /8p), the latter
have been obtained by using the set of coefficients
(33) which are reported in Table VI. Since condi-
tion (18) is included in (33), the agreement of Table
V between experimental and calculated values for
(1/A4,) (8A; /8p) suggests that the sets of data of
Ref. 12 are consistent.

The coefficients of Table VI, through Eqs. (6)and
(12), allow one to know the variation with pressure
for any point and any cross section, and in this
sense we may say they provide a complete descrip-
tion of the initial effect of the pressure on the geo-
metrical properties of the Fermi surface. In Figs.
1-3, we have reported the angular variations in the
planes (100) and (110) for copper, silver, and gold,
respectively, of the following quantities:

%], -2, [L2E] gl
2 T | Rev,F | MY,

All these quantities have been obtained from Eq.
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(6), the latter two corresponding to the first two
when § CS,(k) vanishes. Therefore, the latter
reflect the distortion introduced by the scaling ef-
fect alone, whereas the former contain also the
effect of the pressure through changes in the band
structure.

V. CONCLUSIONS

As shown in Figs. 1-3, one gets a rather detailed
knowledge of the pressure dependence of the Fermi
surface of noble metals starting from only a limited
number of experimental data. For more distorted
surfaces, which would require correspondingly more
terms in the Fourier expansion, data for field di-
rections other than those parallel to crystallographic
axis of high symmetry would be required. These data
are somewhat more difficult to obtain, however, as
a small tipping of the crystal with pressure can in-
troduce an error into the measurements.

Since the pressure derivatives provide a valuable
check on the reliability of a band-structure calcula-
tion, ' it is hoped that the inversion scheme devel-
oped here will encourage further measurements.
We point out in passing that for closed surfaces
having inversion symmetry and with a single-valued
radius vector a variation of the Fermi-velocity in-
version technique of Ketterson, Windmiller, Horn-
feldt, and Mueller!® allows inversion of 84/8a to
9a/3k. This follows on substituting a for E in the
relevant equations.

From a knowledge of the detailed shape of the
Fermi surface, one can determine the phase shifts
5,(Er) used to parametrize the potential in an aug-
mented-plane-wave or Korringa-Kohn-Rostoker
calculation. To determine how §,(E) changes with
energy we need additional information. Fermi-ve-
locity determinations are relevant but complicated
by the fact that they include many-body effects.
Pressure derivatives on the other hand look quite
attractive since this offers a way of varying the
Fermi energy and thus a way of obtaining [05,(E)/
8E]p.z, without considering the complicating many-
body effects.
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The position E; and width W of the d resonance are shown to be good physical parameters,
in that the same pair of parameters (E;=0.540, W=0,088 Ry) is capable of reproducing
Wood’s band structure of fcc and bece iron to within a rms error of 0,006 Ry. The energy
levels were obtained by diagonalizing an improved hybrid nearly-free-electron tight-binding
model Hamiltonian that includes explicitly the nonorthogonality of the basis functions.

The band structure of all transition and noble
metals is characterized by the presence of a fairly
tightly bound d band, which overlaps and hybridizes
with a broader nearly-free-electron s-p band.
Hodges et al.! and Mueller? set up a model Hamil-
tonian based on this hybrid nearly-free-electron
tight-binding (H-NFE-TB) picture and successfully
fitted the first-principles band structure of copper?
to within a rms error of 0.01 Ry. Subsequently,
Heine, * Hubbard, ® and Jacobs® derived from first-
principles model Hamiltonians of essentially this
H-NFE-TB form by manipulating the basic Kor-
ringa-Kohn-Rostoker (KKR)® equations. The nu-
merous!'?2 TB overlap integrals and hybridization
matrix elements could now be expressed”analytically
in terms of only {wo fundamental parameters E,
and W,® which are, respectively, the position and
width of the resonance associated with the /=2
phase shift,® namely,

tann, = sW(E)/(E,- E) . (1)
This phase shift is accurately represented over the
entire width of the d band if the energy dependence

of the resonance width is expressed explicitly in
the form”

W(E) = {[K j&&r,)/[K oK)}V, (2)

where K%=E and 7; is the inscribed sphere radius.

The width of thedband is proportional to W, whereas
the hybridization is proportional to W'/2. The latter
is not unexpected, * since W/% gives the probability
of a localized d-electron tunneling through the cen-
trifugal barrier into plane-wave states, provided
that the resonance energy E, is measured with re-
spect to the bottom of the conduction band.

In the present paper we shall substantiate our
argument given previously'? that E, and W, tfaken
together, are good constant parameters for describ-
ing the band-structure energy about the absolute
position of the resonance under a change of volume
or crystal structure. This very important property
arises because they always appear in the TB and
hybridization matrix elements combined together in
a certain ratio!® that remains invariant, to a high
degree of accuracy, from one volume!® or structure
to the next, even though the resonance parameters
themselves do change individually. It must be
stressed, however, that they are not good physical
parameters if E,; is measured with respect to the
muffin-tin plateau® instead of the bottom of the con-
duction band. For example, in the former case E,;
and W (measured in rydbergs) have the values
(0. 608, 0.108) and (0. 649, 0. 122)"* for fcc and bee
iron, !? respectively, whereas in the present paper
we have reproduced the identical fcc and bee band
structure by using the same set of parameters
(0. 540, 0. 088) in both cases.

Furthermore, we shall present an improved H-



